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Abstract

R

We propose a nonlocal field theory for gravity in the presence of matter consistent with perturbative
unitarity, quantum finiteness, and other essential classical properties that we are going to list below. First,
the theory exactly reproduces the same tree-level scattering amplitudes of Einstein’s gravity coupled to matter
insuring no violation of macro-causality. Second, all the exact solutions of Einstein’s theory are also exact
solutions of the nonlocal theory. Finally, and most importantly, the linear and nonlinear stability analysis
of the exact solutions in nonlocal gravity (with or without matter) is in one-to-one correspondence with the
same analysis in General Relativity. Therefore, all the exact solutions stable in Einstein’s theory are also stable

in nonlocal gravity in the presence of matter at any perturbative order.
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Introduction

515

Nonlocal field theory aims to provide a simple, compact, and elegant solution to the quantum gravity
issue. Indeed, gravity at quantum level is not special but exactly like all the other fundamental interactions.
However, if classical gravity is described by the Einstein-Hilbert action, then the outcome of the quantization
procedure shows divergences that drastically change the structure of the theory. In the technical jargon of
quantum field theory, it is said that Einstein’s theory of gravity is non-renormalizable. However, there is not
any inconsistency between gravity and quantum mechanics: Again, gravity is just non-renormalizable and
need for a completion at high energy (a new action principle). This is something that does not happen in QED
and QCD, but that physicists were called to face for the case of the Fermi theory of weak interactions. The
renormalizability problem of the latter theory was overcome replacing Fermi’s Lagrangian with a non-abelian
gauge theory. Therefore, exactly like for the weak interactions, also for gravity we need a new gravitational
theory able to tame the infinities. Now we know that the only possible extension of the Einstein-Hilbert theory,
in the field theory framework, that is consistent with unitarity and renormalizability (actually finiteness to
all perturbative orders in the loop expansion) is the weakly nonlocal gravity. Another possibility is provided
by the Lee-Wick quantum gravity that, however, needs further prescriptions at classical and quantum levels,
which are not specified by the action (references will be quoted shortly).
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Records show that a nonlocal gravitational theory for gravity was proposed by Krasnikov [1] and studied
2 years later by Kuz’'min [2]. However, only recently a multidimensional generalization of the theory [3],
with particular attention to odd dimension [4] and an extension of the theory in even dimension [5], has been
shown to be finite at quantum level. Furthermore, the Cutkosky rules [6] for a general nonlocal field theory
have been derived in [7-9], where the perturbative unitarity was proven at any order in the loop expansion
including the analysis of the anomalous thresholds. The macro-causality is also secured proven in [10,11] on
the base of Shapiro’s time delay. On the other hand, the local Lee-Wick quantum gravity has been proposed
in [12,13], on the footprint of the seminal paper [14], in order to address the unitarity issue that plagues local
higher derivative theories.
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Despite very encouraging, we would like to say surprising results listed above, not much has been done
for gravity in the presence of matter [16, 17]. A simple way to couple nonlocal gravity to matter is introducing
supersymmetry. This is a relatively easy task when we have at our disposal a superspace formalism [18], but
the construction of other theories is still incomplete, see, for example, the eleven-dimensional supergravity
[19].
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In this chapter we provide a recipe to construct a general nonlocal field theory for gravity coupled to
matter (NLGM) on the base of the following four requirements (by Einstein’s theory we will mean Einstein’s

gravity in the presence of matter):
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(1) All the solutions of Einstein’s gravity must be solutions of NLGM (this is an empirical requirement).
() T Z K HE 5 | 7 R FEER A0 2 NLGM IR (X BE T MEEEK),

(ii) All the tree-level scattering amplitudes of NLGM theory must coincide with those of Einstein’s theory

(this requirement guarantees macro-causality).

(ii) NLGM FHIE K A S IR S R I 20200 5 %22 TR S tH BRI AR AR R B IR I — 2 QX SR ARIE 2= W]
),

(iii) The stability analysis of the exact solutions in NLGM has to be in one-toone correspondence with
the same analysis in Einstein’s theory (namely, if a solution is stable in Einstein’s gravity, it is stable in NLGM
too).

(iii) NLGM RS RIASE M0 W05 2 IR T H B S TR B ML AT —— X B (RIAAESR —MEEZ
KIETHS [ PfaE, AR4BE7E NLGM FHARE),

(iv) The theory has to be super-renormalizable or finite at quantum level and unitary at any perturbative

order in the loop expansion.

(iv) EHIEA I R 1R H 2 ] B R ECH IR, HAERRITHRERMILN LA R X 1ERT,



As a final remark, we want to emphasize that the recipe provided in this chapter will allow us to construct
the ultraviolet completion of any local two-derivative theory, in any dimension, and regardless of the presence
of gravity.
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Nonlocal Gravity-Matter Theory
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In this section we first display the general theory accomplish for requirements (i)-(iv) listed above in the

previous section, and afterward, we will comment on such properties. Hence, let us start with the action
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where ®; is a set of fields, placed in a vector of components labelled by the index i, that include the
metric and the matter’ s fields. F (A); i (x,y) is a symmetric (with respect to the swap of the indexes i and j
together with the spacetime points x and y ) tensorial entire function whose argument is a tensorial differential
operator A that we are going to construct consistently with the stability of the exact solutions of the local theory
(namely solutions of the equations of motion (EoM) E; = 0). Indeed, it is straightforward to show that the
requirement (i) is satisfied by explicitly computing the variation of the action (1) (up to the total derivative
terms and operators quadratic in the EoM E; ). The EoM for the nonlocal action (3) (see Appendix "Appendix
A: Equations of Motion” for more details) reads
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Since Ej, are Einstein’ s EoM and the EoM for the matter, the following implication applies:

W Ey 2% KWEHHRss s B R iizsh i, Fitkel s



Ek=0=>€k=0, (5)

where we introduced the Hessian operator of the local theory defined by (see Appendix "Appendix A:
Equations of Motion”) (For the reader who needs to see the explicit form of the Hessian, we refer to the paper
[23], where the components of A are provided for gravity coupled to a complex scalar, a dirac fermion, and an

abelian gauge vector.):
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The same property, namely that the action consists on the Lagrangian in (2) plus a second operator
quadratic in E; , secures that all the scattering amplitudes of the nonlocal theory in the presence of matter
are identical to those of Einstein’s gravity coupled to matter. The latter statement is based on a simple gener-
alization of the theorem already used in [10, 11, 20] . Therefore, also the requirement (ii) is satisfied. Notice
that the reverse implication in (5) is not true because the space of solutions of the nonlocal theory is generally

larger than the one of the local Einstein theory coupled to matter.
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Notice that the action (1) is very general and the recipe defined by the equations (1), (2), and (3) applies
to any system in any dimension, starting from a 1 +0 system to a D -dimensional field theory. Therefore,(1) is
actually an ultraviolet completion of any field theory, including a point-like action, with an arbitrary number

of fields in the presence or the absence of the gravitational interaction.
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In order to address the stability issue as stated in (iii), we have to pick out a form factor F;; satisfying the
following equation (For dimensional reasons, the operator A , being the argument of the entire function H ,
has to be divided by a proper power of the mass scale A . For example, in D = 4, if we are differentiating
Einstein’ s EoM with respect to the metric, we should divide by A*, if we differentiate Einstein’ s EoM with
respect to a scalar field or the matter EoM with respect to the metric in both cases, we should divide by A3,

and finally, if we differentiate the matter EoM with respect to the scalar field, we have to divide by A2),
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20 F(A)y; = (A0 —1) (7

ij’
where H (A) is an entire analytic function (see Appendix "Appendix A: Equations of Motion” for the
explicit construction of F (A) ). Indeed, replacing (7) in (4), the EoM turns into
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Since the function in front of the local EoM E; is invertible, we can infer that the theory is ghost-free
and only the perturbative degrees of freedom of Einstein’s gravity in the presence of matter are allowed to
propagate. As marked by O (EZ) in the EoM (8) and consistently with the previous results published in [21,22],
the EoM for the perturbations of the metric and all the other fields of the theory are the same as in Einstein’s
local gravity with matter. Hence, the stability is guaranteed at any perturbative order. Let us expand on this

statement. We can invert the exponential factor and rewrite (8) as
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Now, given an exact background solution of the NLGM theory compatible with E,, = 0, we can derive
the EoM for the perturbations defined through an expansion of the fields, and then of the EoM, in a small

dimensionless parameter ¢ , namely
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Assuming that the fields @EO) satisfy the local background EoM, namely
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B (¢”) =0, (12)
it is extremely simple to prove the following theorem, which is a slight generalization of the theorems
proved in [21,22].

PATTRT DB o A HUIERA DU B, AT [21,22] AR EIERAE PR/ MIEHE

Theorem. In the NLGM theory, all perturbations (for gravity and matter) satisfy the same EOM of the

perturbations in Einstein’s gravity coupled to matter, namely

SEHL: £ NLGM i, Fradtal) (51 hIahfiysitah) #is e 5 8 S v B 2 BIE 5 [ -ta)
MFErzs) 7%, B

g}{n) (CDE”)) =0 = Ez((n) (‘P,@) =0forn >0, (13)

where the label ” n ” stays for the perturbative expansion of the tensors &, and the EoM E at the order

” n” in all the perturbations CIDE") .
HARRIE” n " (REBIK & & FMBFh T By EFTEIREH o 19 n IR

The proof is a straightforward consequence of the EoM (9), which coincides with Einstein’ s E}, = 0 EoM
in the presence of matter up to operators O (E?) , and of the invertibility of the exponential form factor. The
perturbative expansion that provides the details of the proof is identical to the one for pure gravity. Therefore,
we remind the reader to [22], but a short proof is given in Appendix "Appendix D: Proof of the Theorem in the
Main Text”. In particular, it deserves to be noticed that in the perturbative expansion in ¢ of equation (8) the
exponential form factor always contributes at the zero order, namely €% . Moreover, for the standard model of
particle physics, the Hessian resulting from the local action is diagonal (or constant) at the order €° (see [23]).

Hence, the inversion (9) is actually trivial at any perturbative order.

ZIERIBENTT 1 (9) BRI 7778 (9) 1E5AF O (E?) JER NS BV EN N ZRAHHE, =0
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The Quantum Theory
el

Making use of the previous results, we show perturbative unitarity and finiteness of the theory (1) with

form factor (7) and Hessian operator given in (6) and (14).
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In order to show the perturbative unitarity of the NLGM theory, we do not need to compute the propagator
because the EoM already tells us that we have only one pole in k? = —m? for each field, exactly like in the
local theory (see Appendix "Appendix B: Propagators”). Therefore, the singularities of the amplitudes are
obtained from Landau’s equations as in the local case (this is due to the analytic structure of the form factor
Fij ) and the Cutkosky rules are the same of the local theory, as well. Hence, we can export the outcome
of [7] to the general theory presented in this chapter, and the unitarity is guaranteed at any perturbative
order in the loop expansion. We remind that the theory has to be defined in the Euclidean space and the
physical amplitudes are afterward obtained employing the analytic continuation from complex to real external
energies. The last comment is about the non-diagonal elements of the operator A . Indeed, one can easily see
that such components are at least linear in the fields [23] and, therefore, cannot affect the propagators around

the Minkowski spacetime.

N7 UERAAR RS | T - B (NLGM) RIRHE X IEYE, BATERIHRELRE T, HvisshhiEes
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X B /DRI [23], RIS SRS ] KRR 28 = RIS

We can finally address the issue of the quantum divergences. The differential operator A in (14) is a
second-order differential operator, and hence, it is always possible to choose a form factor exp H (A, ) , asymp-
totically polynomial [3-5], to cancel all the divergences from two loops onward. However, in even dimension
we still have one-loop divergences that can likely be removed by adding other operators to the action (1) pro-
vided they are at least cubic in the equations of motion E , for example, in D = 4 a viable operator could be
E?AY~2E? (the indexes must be properly contracted), where y > 2 is an integer. The super-renormalizability
requires the form factor to scale at high energy like F (A) — A? , while the propagator scales like 1/k?/+4 .

BATERL A IR R AR, 14) PRIM BT A BZMMAE T, FHiEsEER— L2
WRIEHIEIRE F exp H () [3-5], TRIHMMEDTIGRIATE AL (BAEBEBAERRF, TR
FE—EER, HEMZHRE E, PRIMED =007 HME T, @ FE AT UHBRIX LR R,
G01E D = 4 F—DETRE T2 E2AT2E? (fEhRTe BG4 4579F), Hrby > 2 B8 BrrER et
ZORZIRK FIERBER ML F (A) — A7 FREE, & 142 1/k2 4 bR,

For the sake of simplicity, we can consider the NLGM theory in odd dimension where we do not have one-
loop divergences in the dimensional regularization scheme. Therefore, the theory proposed in this chapter
is surely finite in odd dimensions and super-renormalizable in even dimensions. The latter property ensures
that all the interactions described by the action (1) are asymptotically free in the ultraviolet regime [25]. In
odd dimension or even dimension if we add several local operators, the theory is finite and then conformal

invariant [4, 5]. Both scenarios presented above are perfectly consistent with the unitarity bound.
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Conclusions
aiie

We have explicitly constructed a nonlocal theory for all fundamental interactions, including gravity, that
at classical level has the same solutions and the same stability properties of the local Einstein theory in the
presence of matter. Moreover, the theory reproduces all and only the same tree-level scattering amplitudes
of the local standard model of particle physics in the presence of gravity, securing that there is no causality
violation [10,25]. At quantum level, the theory is unitary and surely finite in odd dimension, while in even
dimension there are only one-loop divergences that can be removed adding few more local operators on the

footprint of what has been done for pure gravity without and with the cosmological constant [5, 20].

BAICLWIAE 7R S [ IENITE EAH B EH A EREES, ZHEICELIVRME, FEYR
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FRAR AR 22 3 HL IR R B IRIE, IR R R RERRIR [10,25) fER TR, ZEILH
ALY, EFHESRPHERERE; TE MY A AR 7B AR, AR 3 H AL
R 8 H B as O B R, AREIN D> BN RREAT B A THERX L4 /Y (5, 20],

Thus, this chapter lays strong foundations for an ultraviolet completion of the standard model of particle
physics and gravity.

Kk, AFRLFPFEAR A S | 1) SR E L BEE T IR SHLA,

Appendix A: Equations of Motion

B A: 1287 e

In this section we derive the EoM for a general nonlocal theory providing all the details of the calculation.

We will make use of the following definition:

AT BA VRS — AR RSEIEHIas) 52, FHa RSy, FAMISMHEIDIREX:

. _SE(x) _ 528, A 3P -x)

and we will use the functional derivative consistent with the Dirac delta distribution in curved spacetime

HEATRE 5 2 #0008 0 A — B2 B L
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5 (x) _ 6P (x=y),
52,00 V=g
The variation of the action, introducing the short notation for the integral measure f du (x) = f dP xm
or simply /', reads

(15)

MERH®EZS, SIARDNENET [du(x) = fdPx/-g(x), SEIEH £, &R

8S = f du (x) (8®;E; + 8E;F;jE; + E;F;;6E; + O (E?)),

- [t |s@m 0+ [ w0 (5o 5w 00 (08 @)

+E; (x) F;j (x) 3T (( ))5<I>k )+ O(E2)>]

- f (0[50 B () + f ) (5252501 0 Fy (9 ;0

S8E; (x)
8Py ()

where in the last term we just changed name to the indexes in order to have the same A operator (see

+E;j (x) Fj; (x) 5P, (y)+ 0 (E2)>] , (16)

(14)) of the last by one term. Let us now introduce the following definition:

HepfER)a — BT TiabnaiR, fEHSEEE AR A 557 (3K (14)). BlfE
BATFIABARRE X

0; () = f A E0)A (02 X) 30 () = f 4t () Ayt (2 X) 30 ()

- [ w600 80 010, a”

Therefore, replacing the definitions (14) and (17) in (16), we get

i, e X (14) f1 17) 1R (16), BAT15E]

55 = f dut () | 605 (x) i () + f 41 () (A (7, %) 85 () Fy (x) E; (x)

v;(x)

+E; (X) Fji (x) A (3, ) 8@ () + O (E?))]
- f du (x) [6@y (%) Ey (x) + v; () Fyj (x) Ej (x) + E; (x) Fj; (x) v; (x) + O (E?)]

- [ 4t (x) 5 (x) Ex (x) + f au (%) f a1 ) (01 (¥) Fyy (e ) E; ()

11



+E; (x) Fj; (x,y) v; () + O (E?). (18)

In the last term we now change the name to the integration variables, namely x — y and y — x, hence
BAERA D g — T S L&, Mlx—yMy - x, HEARG
a5 = [ u (02 0B+ [ () [ @O 01O (5B 0)
+E; () Fji (0, x) v; (x)) + O (E?). (19)

Making use of the following integrated symmetric property of the Hessian A (see the appendix ”(Ap-
pendix C: Symmetry Properties of the Hessian)”), namely

AIFRZERERE A BYAT R R FRIE (R S% Bk C: FRZEREFERI AR ), Bl

/de\/—g(x)dey\/ —8(MA; (x) A (x,y) B; ()

- f dPxy g f AP ZOIB; () Ayt (1 x) A; (x). 20)

the variation turns into
S5y
a5 = [ u (02 0B+ [ () [ 01O (5B 0)
+0; (X) Fyj (X, ») E; () + O (E?)
_ / 44t () 60, () Ey () + f du (x) f 4 () 20 (0) Fy (2. ) E; ) + O (E?)
- [ a0 0 B

" f 4PN (0)8%, () At (92 ) f 4P\ g (2)2F, (x.2) E, (2) + O (E2)]

vi(x)
D(y _
_ f du (%) [5q>k (%) Ex (%) + f dPyv—g () (5©k ) Ak () 5—;_0;—(;)6))

X f dPz\/-g (2)2F;; (x,2) E; (z) + O (E?)].

(21)
The last equation can be integrated by parts in the y variable, and we get

12



SRS AT y TR, R
D 5D (y _ x)
55 = f du () | 80 () Ex () + f g0 (605 () A () ZL =)

V—g(x)
x | dPzy/—g(2)2F;; (x,2) Ej (z) + O (E?)]

b Py —x)
= f du (x) [ 8@ (x) By () + / dPyA; () (V-2 (0)8Px @))W

x | dPzy/—g(2)2F;j (x,2)Ej(2) + O (Ez)]

) f e [M’k () By () + Ay () (V=8 ()8 (x) __;(x)

X f dPz\/ g (z) 2F;; (x,2) E; (z) + O (E?)]

=fd/«t(X)[5<I>k (X) B (%) + V=8 (%) (Ai (x) 5P (X))@

x | dPzy/—g(z) 2F; (x,2) E; (z) + O (E?)]
= f du (x) [6P (x) Ex (x) + (Ag; (x) 6Py (X))

x | dPzy/—g(2) 2F;; (x,2) Ej (z) + O (E?)]. (22)

Notice that the covariant derivative of the determinant is zero because the metric is connection-compatible,
and therefore, 1/ —g (x) can be moved on the left side of the Hessian in the last but one step.

ER, TN ESBONE, FVEMSEREIRE, FIHAEREEE P Hhark —g (x) B2IRZE
FERER A

Integrating now by parts in x ,

BRAEXT x i 5RF 4y,
a5 = [ e 162 (0 B ()
+6®; (x) (Aki (x) f dPzy/—g (2)2F;j (x,2) Ej (z)) + O (E?)]. (23)

It deserves to be noticed that the operators

EREERE, XERRF

13



vi (x), Aj(x,y), Fj (%), Ej(¥), 6P (y) 24

can be freely interchanged because each of them is in a closed integral form; namely they are not differen-
tial operators acting on their right or left side, but they are actually integrated quantities in which differential
operators, if any, act on Dirac’s delta distributions. This property has been used, for example, in the last

equality in (17).
ATDLE sy, RO RATEAE TSR, RIel IR ERE B S 2GR &
75, MRsEhrayfisr&, HAPEEFEMD R, BOER TR 8 701, HlansX (17) BfjE—
NERFAHE TIX— M,

In a more compact and implicit notation, the result (23) turns into

RAERZERENILE, 4R Q3) 5N

65 = | dPxy/—g(x)[6® (x) Ey (x) + 6@y (x) 2Ay; (x) Fyj (x) Ej (x) + O (E?)]

= | dPx\/—g(x)6®) (x) [Ex (x) + 2Ax; (x) Fyj (x) E; (x) + O (E?)], (25)
and
A
éS foi¥
80 = 505 = | PO g o [Be () + 204 (O () () + O (87)
= E; (%) + 24, (X) Fj (x) Ej (x) + O (E?), (26)

where we used (15). Finally, the EoM for the nonlocal theory reads

HACEAER T (15), &%, AERFEIEHIZS)TEN

&k = Ex + 2A4F;jE; + O (E*) = 0, (27)

and, making again explicit the dependence on spacetime points, the EoM (27) should be written as

A FHRBHERS O I 22 R B AH, 1sa3h75E (27) MG N

€(x) = B () + f du () f At (2) 285 (5,9) Fyy (1 2) B, (2) + O (E?) = 0. (28)

In order to further simplify the above equation of motion (28) and get rid out of the instabilities, we now
expand on the operator Fj; defined in (7). The analytic form factor F;; is given as a solution of the following

equation:

14



it — DA EIRIas iR (28) HIHERAEE M, BATIAEX 3K (7) AoE LVEAT Fj RIT 7247
AR F; /2 LA R 75 R

ZAikaj (A) = 2Fik (A) Ak} = (eH)ij — 111 (29)
Indeed, if we define
HE b, HRITEX
+o0 +o0
Fj(8)= 3 an(a");; and (e"®) = 37 by(A");), (30)
n=0 n=0
by replacing (30) in (29), we get
£ (30) KA (29), AT
+00 +o0
2A ) a,A" = ) b,A" -1
n=0 n=0
+0o0 +0o0
2A Y, a,A" =by+ Y, b,A" —1 and assuming by =1 or H(0) =0,
n=0 n=1
+0o0 +0o0
2A Y a,A" =by+ Y b,A"—1 , FHRE by=1 B H(0)=0,
n=0 n=1
+o0 +00
2A ) a,A" = ) b, A"
n=0 n=1
+0o0 +0o0
20 ) ap A =AY b,A"! (n—1=k)
n=0 n=1
+oo +00
20 ) @AM =AY by AF (31)
n=0 k=0

Between the third last and the last but one step in (31) we do not need to define the inverse of A because
in the sum on the right side we have n > 0. Therefore, comparing the left and right sides of the last equality

in (31), we figure out the relation between the coefficients a,, and b,, , namely

X ) WERCE =2 58 —P 2 H, FONEHFE L AR, FNGMRMIFEE >0,
e, X G ARG NFXEAWM, BAF2IRK o, 5 b, KRR, H

an — bn+l (32)

Replacing (29) in (28),

B (29) 1R (28), 1%

15



Er (x) = B (x) + fd,u () (eH® — 1)kj (x,2)Ej(z) + O(E*) = 0. (33)

where the functional identity in (33) is defined by

Hrp (33) PRIz R ESFEE

6(x—2)

1ij (x,2) = &y V=0 (34)
Therefore, (33) turns into
Hit, (33)2H
S(x —
Ex () = Ex (x) + /du (2) [(eH(A))kj (x,z) — 5kj% Ej(z2)+O(E*) =0
£ =B () + [ du(a) (€)1 D)y 2
6(x—2) ’
- | d 0pi———E; O(E°) =
f ,L{(Z) kjm ](Z)+ ( ) 0
& (x) = By (x) + f du(z) (eH(A))kj (x,2)Ej (z) —Ex (x) + O(E®*) =0
Er(x) = fd,u (2) (eH(A))kj (x,2)Ej (z) + O(E?) = 0. (35)
Now, using the second identity in (14), we end up with
WA, A (14) PRE - MEERN, FIMNTEZE2
)= [ d H(A) 5(x2) | g 0(E?) =0
k(x) = u(z) (e )kj(x)_—) i (2) + ( )—
Ex(x) = (eH(Ax))kjEj (x)+O(E*) =0. (36)

Equations (7) and (30) with (32) allow us to avoid to invert the A operator. Indeed, it deserves to be
noticed that the definition of A™! is extremely delicate. The Hessian A is usually not invertible because of
gauge invariance (Also the operator [] is not invertible in flat space because of the zero mode/s, but not
because of gauge invariance.), and one usually adds a gauge fixing term to the (local) action in order to get
the inverse. If we define

(7). (30) 5 (32) HHEAVETHA A BRI, FL L, EESEERZE, A~ FEXBOVRE. H
TRTEAZENE, RERRF AEFEAIY G OEFEZSRPBAAY, FEZZRmIEMIEAZE
), BHAMISE (RER) 1R EIITEEE OR GRS R, HRITE X

<eH<AA> -1

) =3l E@en -, @

ij

16



instead of (7) or (29), then A~! will be part of the definition of the theory and one might worry about an
explicit break of the gauge invariance of the theory because of the gauge fixing term. However, it will not be
the case because A~! would appear in the intermedium steps of our derivation, but not in the final action and
in the EoM. Indeed, the function F; jis analytic in A , and the presence of A~1in (37) is just formal. If we
wanted to be mathematically rigorous, we should add a gauge fixing term to A in (37); namely, we make the

following replacement in (37):

MiHE (7) 82 (29), W A~ SEOVENETE XH—#85r, NTRTBER T ORLVEE E T B A B Y
MFEANE, HLFRFFARINLE, Koy A7 AR HBIEBAHES R P RS E, ~ASHIERAEHR
Hizgh7ited, EK L, EEE; A GRN, H AT HBIE 37) HREER LR, IFRIEREE
FEENE, FRANFEEDN (37) T A BINRLEREE T,  BIERATILE (37) Ahifcan g i

which is invertible. However, in the EoM and in the action, A~! would disappear because it is always
multiplied by A . Therefore, we can safely take the limit of zero gauge fixing parameters in all the other terms

in the Taylor expansion of (37) to finally recover gauge invariance for the action and the EoM.
BHUEHIETZ RSN, BEBSEMERES, A7 225 ANk, REXER, BIREITA

PABULHBRS (37) Ze T i HAMIEALE B E S 80 TR AR, R&MEEH Bz 2
MRETEAZENE

Appendix B: Propagators

Btk B: {4461

In order to implement the recipe developed in the main text, we here consider two explicit examples:

pure gravity and a general scalar theory. In particular, we will derive the tree-level propagator in both cases.

NTEELIESHRHBIH TR, BAEE EHM NG a5 R SUrE e, BATR A
RIS HIX PRI DL S HIR LS

Graviton Propagator

EIVIERIG R

As a first example we consider the purely gravitational theory for which the only non-zero component of
the A operator is A;; , but in the flat spacetime background g, = 7,, and E,,, = 0 (Einstein’ s EoM), hence

(R — BT, FAIWIAE0EE, W A SRS R Ay, TIETERAS 3 T
WIE g0 = Mo Ml B = 0 (BREIRIZZ78E), KA

17



A X)=— 09 2
wap 0nX) = 5o ee B () 2| 5eR ()3 ()

_2[ 5 (5(/dsz/—g<z)z:g(z>))l

525, 2 [52 (f dPz[=g (@)L (z))l
g=n

~ k2| 8ghv (y) 5g%F (x)

_ 3 5Gotﬁ (X)]
25w 0) |,

2 [6Rqp(x) 1 SRys (x)
= P[W ~ 58ap (X) "% (x) (Sg;v D) L ,

21711
= Ez [E (nocunﬁu + nﬂ;ﬂ?au) Dx - nuvnaﬁDx + ] sP (X - y)

= %%[p(Z) x)—(D-=2) 2] (x)]yv,oc[a’Dan (x — y)’

= Aypap ()P (x = y), (39)

where the “dots” stay for other second-order derivative terms. The first three steps in (39) are general for
any background, while from the fourth step we restricted to the case of the Minkowski spacetime. Further-

more, P® and P(9 are the spin-projectors in D -dimensions whose definitions read [15, 24]

Hrp “HigS” RERHM M SBTL 39) WRT=PMERESE RERAL, MBS IFEIAIRSITE
B IR 2R, tEAh, P@ F0 PO 2 D 4Erh i) B IE EAT, HE SN [15,24]

1

1
P2 oo (x) = 5 (640006 + Busbup) — D — 100

0 1
P/(w),pO' (x) = me,uvepa

9.0y 9,0y

Ouv = Ny — 0 “w =0 (40)

Notice that the last by one equality in (39) is exact because the projectors reconstruct also the terms

shortly indicated with dots.
TR, 39) PRI —ANEFEXBRIN, FOVRREREAF A IR HA NSRRI,
Finally, the A -operator for the purely gravitational theory reads as follows:

w&Ja, g IR A EAE AT

AEY) = = [PO () - (D=2 PO ()] 0,6 (v - %), (41)

where we did not displayed the four spacetime indexes.

HAEBATAE T B2 HEbR,
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In (39) we used the following functional derivatives [11]:

£ (39) FEAME 1740 2K SEL [11]:

SRy (X)
68" ()

1 1
= [Z (ga/xgﬁv + gﬁ,ugav) 1+ Egﬂvvavﬁ

8P (x—y)
RETON
SRqp (%) P (x—y)

881 () x \/—g(y) '

We can now expand the purely gravitational theory at the second order in the perturbation h,, in the

1
) (82 ViV + 8avVVy)]

g% (x)

= [0~ 5 (V¥ + 09, (42)

Minkowski background, which satisfies the EoM E, =0, namely

BREEBATTRT DATE R R 5 SRS | DB AR by, B IEDT, SERIGRIZENT R Ey = 0,
Rl

) 628 (2]
Sg lg] = Sg [§+h]= Sg [g] + f dp (xy) du (x3) R (x1) ShHv (x,) 6hPd (x,)

Xh® (x;) + O (h3), h*F = 5g%F, (43)

where the second-order term in the above expansion of the action reads

Hrp EIRMERERITHRI =TT

2
2 \
Séz) = /de[w/—gER + \/—gEaBF(AA)aﬁ WEM,,]

_1 af 525 ) v
-1 / du, f dush (y)( ) L

-1 ap &S 7 1 143
=5 [ i [ P 0 s sy )0+ 5 [y [ disch

_ s 5
5h (y) 8hP° (x)

aB Y ) v
f f [h (y)<5h“ﬁ<y)5hﬂv() e

5Eozﬁ (2) af,uv 5E,uu (2) -
+2h78 (y) ( / ) F(Ap (2)™ o (x)> he% (x)],

f-/ [ha ()<5haﬁ(i)552#u( )> hH (x)

SEqp (2) B i
+h7% (y) ( f Zz S5 () F(A (2))H Ax, 2) pw}) hP (x)].

) X [ ([ diebes )P0 )P (z))] R (x)
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The overall 1/2 factor is due to the functional expansion at the second order, while the multiplicative
factor 2 in the second term at the forth step comes from the symmetric property of A , namely A(x, z) =

feley?3
A(z, x) Using again the latter property,

uv,p0

B0 1/2 (RT3 B WS ERIT, 20058 — SRR 7 2 3K 1 A BORARPE, B Ay, 2)
A(z,x) o0 o FEUCRIFZMEIR,

po.uv
.o

2
s =5 [0 [ 0) 5 s )

5ED( [e4 v
+h?% (y) ( f du(z)2 Wﬁ ((;))F(AA @) Az, x)m,’pa> he? (x)]

- wo [l o) ZESmew

SEq3(2)
+h7% () [fdy (2)25h7’5 o)

Changing the name of the indexes in the second quadratic term in h,,, , we get

F(an ()" A, x);w,pa] hee <x>} '

Xt hyy, R A OIS ERE AR, AR

s =1 [ awy [ au o ) 2w o

SE.5 (w) 2F(w z) ’G’WA(Z X) ”. G]
nré fdwfdzaﬁ K209 oo (1) | .
+ (y)[ U “2 S5 (y) [2F(w,z)“5+p] (x)

Now we replace the product in the box, i.e., 2F (A) A , with (7),

BERNTRAENRSREN, RI2F (A)A, BN (7),

3] o e

SEqp (w) a
ORI

_1 o () OB ),
] y/ {h O gnem gy )

5.5 (w) 8w, 0)°%
5 “rag \W) () aB P o
+h"8 (y) [ f ) ( H®) (w, x)™ el ) hP (x)]

=53] | e a0,

§(w,x) 8%
+h?d ) [f Ay, w) N (eH(A)(w’ x)dﬁ o= —p> hPe (x)]}
o RS
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SRR
1 SE
STR I
1 5%8
- o i

1
== dDx {h“ﬁ[(p@)_(D_z)p(o))]aﬁ, [H(AA>] hﬂv}

(44)

In the last three steps we replaced /—g = 1 because we are expanding around the Minkowski back-
ground. In the last step of (44), we used the result (39). Finally, replacing the argument of the form factor
exp H (A,) in (44) with (41), we get

FERE=DHBANTERT g =1, XRENEMNESEFNRERET. £ @4 WRE—F, 3]
EHTER (39). B, R (44) HIEIRE T exp H (Ap) HIHZE R (41), FANSE

2 _ D
¢’ =55 fd
yé

1 P —(D-2)P(0)
{haﬁ[(P(Z) _ (D 2) P(o)) D]aﬁ ya[ H(KZ A4 _D)] h#v‘
73]

1
T ue2

dD
ot (p ) - 0 -2y po ) O] o]
af,uy

=1 f APXhBO g 1, (45)

from which after introducing the gauge fixing it is obtained the following gauge-independent part of the
graviton propagator [15]:

Ht, EIIARGEEEE, FAERI5100 TR T RIMTEAZERR 7 [15]:

P® J20]

—(D-2)0 ) (46)

O l=x
e () D(D_z)eH(W
The tree-level unitarity is guaranteed whether the asymptotically polynomial entire function H (z) is

such that H (z) = 0. Moreover, H (z) = H (—z) in order to ensure the super-renormalizability of the theory.

HENE 2 R H (2) 2 H (2) = 0, WERAEMFISEIRIE, AN, b T ARIERRICRE R
BRI BEKHGE) =H(-2).
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Free and Interacting Scalar Fields

H Bbn i35 M LR

For a free scalar field, the nonlocal Lagrangian, the local EoM E,, , and the A,, operator are

TR, ERBAEHEE, Rz iR E, &k Ay BEFN

Lm = %¢D¢ + EmF(AA)zzEm

Ep =[l¢ (47)

86y _
5

Replacing E,,, and A,, in £,, , we end up with the following nonlocal Lagrangian:

Ay = Ll (48)

B Ep T Mgy RN Ly, J&, BAMSENUN N IRRIBAHAS I H &:

o1 eHD — 1 1. no 49
n = 5908+ (O8) g (O9) = 5407, (49)
Therefore, the propagator is proportional to
Kitt, fEEFIERT
(50)

[]

For an interacting scalar field, whose local Lagrangian and EoM read
N THEERREY, HEshiisi H&Mizsh 2N
ocC 1
L = 59008~ V(9). (51)

En=0¢-V'(#), (52)

the nonlocal theory is

IR RIERELE Ny
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Lm = %¢D¢ —Vi(p)+[Op - V' (@) F(A), O - V' (¢)),

Ay = O- v (¢)

HO-V"@) _ 1
2@-vr@)’

If we switch off the interaction, the Lagrangian (53) turns into (49).

F(A)zz = (53)

QUERRHIMHELME, HIFSHAH & (53) KRB (49).

Appendix C: Symmetry Properties of the Hessian

BioR C: IR FRIDN PR PE

In this section we explicitly prove that the Hessian operator A is symmetric, namely

AT, BATIPAFIERIEARELT A BXIFRAT, Al

f dx f dyA; (x) Ay (6, ) B; () = f dx f dyB; (v) Ay (v.x) A; () (54)

In order to prove the above statement it is sufficient to consider the following quite general contribution

to the action:

UERA Bxdand, RFTRHEERH RN 10— B EI STRRL:

5= f ey (x) (3140, (x)) s (), (55)

where @, (x), P, (x) , and @5 (x) are three general fields. For the sake of simplicity, we assume ®; (x) to
be an external classical field, and we compute the components of Hessian’ s operator, which is a 2 X 2 matrix
in the space of the fields ®; (x) and @, (x)

Hi @ (x), @, (x)« @5 (x) B=TMER, NEAERL, FIURE ©; (x) BINFEI), FEITHR
HREFN &, ZEMNEY €, (x) 5 @, (x) FZERAFZE—1 2 x 2 %6/

oS

Sor = | A5G- ) (1@ () @5 ), (56)

528 n n
Ay (2,y) = W =(-1) de5 (x=2)3¢ (6 (x —y) D3 (x))

= (-1)"37 (6 (z - y) @3 (2)), (57)

58 n .
50,0) (-1 f dx§ (x — y) 0x (P (x) @3 (%)), (58)
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525 n n n
82V = 55 ey = DD f dx8 (x = 2) 3 (x) 3% (8 (x = )

=D3(2)07 (6(z-y)). (59)

In deriving the components of the Hessian, we integrated by parts several times. Moreover, the Hessian
operator has zero diagonal elements because the action (55) is linear in all fields.

FEHE SRR ERERES, BNZRER . 1WA, BT 1ERE (55) MATH a2 Lt
), HILERETHX AT EF,

Given two general fields A (z) and B (y) , we now prove the following identity:

LM MER A(2) W B (), BATBHEUERALN MEFA:

f dz f dyA(2) Ay (2.9) BO) = f dz f dyB () Aps (7. 2) A (2). (60)

Replacing (57) in the left-hand side of (60), we find
¥ (57) R (60) BIEMN, Tl 5
[ dz [ama@on @)= [ dz [ da@]1reEE-nee)]s)
= " / dz [ dy(~1)" (B2A(2))8 (z — y) @3 (2) B()
- f dy (974 (7)) @5 (1) B ()

- f dy(=1)"A () 3% (@5 () B(). (61)

Similarly, we replace (59) in the right-hand side of (60)
K, T8 (59) A (60) F U
f dz f dyB () Ay (y.2) A (2) = f dz f dyB () [®5 ()01 (5 (y — 2)] A (2) (62)
- f dz / dy(=1)"0% (B(3) @3 (1)) 6 (¥ — 2) A (2)

= f dy(-1)"A ()} (®3 () B(»)) = (61). (63)

Hence, we have proved (60).

Hit, FAIZER T X (60) HIIERA,
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We can also swap the fields A (z) and B (y) in (62), and the result does not change

BATH AT DA HR (62) H1E937 A (2) I B (y), GERAKRAENRZ

f dz f dyA (2) Aps (7.2) B(y) = f dz f dyA (2) [®; ()3 (8 (v — 2)] B®) (64)
- f dz f dy(=1)"3" (3 (5) B(1) 8 (y — 2)A(2)

- f dy(—1)"A () 30 (&5 () B()) = (61). (65)

which also proves the statement in the text below formula (24).

IXAUERA 73 (24) BT IEXXHRIAREL,

Appendix D: Proof of the Theorem in the Main Text

B3k D: 1B E PR IE R

In order to prove the theorem about the linear and nonlinear stability of the nonlocal theory (1), we have
to expand perturbatively in € (see (11)) the EoM (8)

N TIEAEREREIE (1) S SARRIERUE R, AR ZEX a7 (8) MLt ¢ i EIT
(= (1)

&=e"ME+0(E?) =0. (66)

Since we want to study the stability of exact solutions of Einstein’s theory coupled to matter, we assume
to expand around an exact solution consistent with E(®) = 0 (12) (for the sake of simplicity, we use the bold
notation in place of the Latin indexes for the fields).

T RATENT A SV Z R A HE SR AR E M, BOMRIRESEHE E© = 0 (12) KIS
T O R WL, BATHRAIL SRR T H6hR).

Hence, at the zero orderin ¢, i.e., € , we have

Klit, £ e BUZRY, R, TARE

eH?@OEO® 4 0 (EO2) = 0, (67)

which is satisfied because by hypothesis E© = 0.

BRI E® =0, ERXpRZ,
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At the first order ¢! , we get

e e B—Fr, TAIUSH

eHVBVEO 4 eHY@WED 4 0(EQEM) =0 = ED =0, (68)

where we used E® = 0.

HAATATHEI T E@ =0,
At the second order ¢2 , we get:

£ e K, BTS2

HOBOEO 4 HVGVED 4 HOGVER 4 0 (EVED)

+0(EPE®) = 0= E® =0, (69)

where we used E® = 0and E® = 0.

HAAFATAS T EQ =0 EY =0,
Finally, at the order €" ,

o, 1Ee" B,

eHV@A)EO) 4 eH™ V@NED) 4 eHOD@NED | ... 4 HOGAEM)

+0 (E(H)E(O)) +0 (E(n—l)E(l)) +--4+0 (E(I)E(n—l))

+0 (EQE™) =0 = E®™ =0, (70)
where we used E@ = 0,E®W =0,...,E®V = 0.
WAABRMAZ T E® = 0,EV =0,...,E®D =0,

Therefore,

A1k,

EM =0=E®™ =0. (71)

Acknowledgments The author thanks F. Briscese, L. Rachwal, and G. Calcagni. The author dedicates
this chapter to the memory of the mother.
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